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Abstract
The present paper investigates a two-ﬂuid model for the ﬂow of a Jeﬀrey ﬂuid in tubes of small diameters in the presence of
a magnetic ﬁeld. It is assumed that the core region consists of a Jeﬀrey ﬂuid and a Newtonian ﬂuid in the peripheral region.
Analytical expressions for velocity, ﬂow ﬂux, eﬀective viscosity, core hematocrit and mean hematocrit have been derived and the
eﬀects of various relevant parameters on these ﬂow variables have been studied. It is found that the eﬀective viscosity decreases
with Jeﬀrey parameter and core magnetic parameter but increases with tube hematocrit and tube radius. Further, the core hematocrit
decreases with Jeﬀrey parameter, core magnetic parameter, tube hematocrit and tube radius. It is also noticed that the ﬂow exhibits
the anomalous Fahraeus-Lindqvist eﬀect.
c© 2015 The Authors. Published by Elsevier Ltd.
Peer-review under responsibility of the organizing committee of ICCHMT – 2015.
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1. Introduction
The human circulatory system consists of a complex network of blood vessels, whose size ranges from approx-
imately 20μ(microns) to 500μ. The ﬂow in smaller vessels like arterioles, capillaries and venules is referred to as
microcirculation. Its main functions are the transport of oxygen and nutrients to cells of the body, removal of waste
products such as carbon dioxide and urea, circulation of molecules and cells that mediate the organisms defence and
immune response. It plays a fundamental role in the tissue repair process. Some anomalous eﬀects like Fahraeus-
Lindqvist eﬀect, Fahraeus eﬀect and existence of a cell-free or cell-depleted layer near the wall, are observed in
microcirculation (Fahraeus and Lindqvist [1], Seshadri and Jaﬀrin [2] and Dintenfass [3]).
The study of Magnetohydrodynamics (MHD) ﬂow problems has gained considerable interest because of its exten-
sive engineering and medical applications. The MHD deals with the dynamics of electrically conducting ﬂuids. The
mutual interaction between the ﬂuid motion and magnetic ﬁeld is the essential feature of any physical situation in the
MHD ﬂow problems. MHD principles are employed in the design of heat exchangers, pumps, ﬂow meters, radar sys-
tems, power generation etc. It is realized that the principles of the MHD ﬁnd extensive applications in bioengineering
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and medical sciences. Some investigators have considered the MHD studies of Newtonian and non-Newtonian ﬂuids
in diﬀerent ﬂow geometries (Pal et al.[4] and Mekheimer [5])
The study of blood ﬂow in small diameter tubes with magnetic ﬁeld is very important and hence have attracted
considerable attention of researchers. Bugliarello and Sevilla [6] have considered a two-ﬂuid model with both ﬂuids
as Newtonian ﬂuids and with diﬀerent viscosities. Sharan and Popel [7] and Srivatava [8] have considered a two-
phase model to discuss the ﬂow of blood in narrow tubes. Following the theoretical study of Hayens [9], a two-ﬂuid
modeling of blood ﬂow has been adopted and discussed by a good number of researchers.
Chaturani and Upadhya [10] have considered two layered model for blood ﬂow in small diameter tubes using
micropolar ﬂuid in the core region. Chaturani and Ponnalagar Samy [11], Haldar and Andersson [12] have considered
a two-layered model of blood ﬂow assuming that the peripheral layer consists of Newtonian ﬂuid and Casson ﬂuid
in the core region. Sankar and Lee [13] analyzed the steady ﬂow of Herschel-Bulkley ﬂuid (H-B ﬂuid) through
catheterized arteries. Aroesty and Gross [14] analysed pulsatile ﬂow in small vessels treating blood as a Casson ﬂuid.
Gupta [15] investigated ﬁnite element Galerkin’s scheme for ﬂow in blood vessels with magnetic eﬀects. Chaturani
and Bharatiya [16] analyzed a two-phase magnetic ﬂuid model for pulsatile ﬂow of blood. Bali and Awasthi [17]
presented a mathematical model for blood ﬂow in a small blood vessel in the presence of a magnetic ﬁeld.
A non-Newtonian ﬂuid model that has attracted many researchers is the Jeﬀrey ﬂuid as this is found to be a better
model for physiological ﬂuids (Hayat et al. [18]). Jeﬀrey ﬂuid model is a signiﬁcant generalization of Newtonian ﬂuid
model as the later one can be deduced as a special case of the former. Several researchers have studied Jeﬀrey ﬂuid
under diﬀerent conditions. Vajravelu et al. [19] investigated the inﬂuence of heat transfer on peristaltic transport of a
Jeﬀrey ﬂuid. Jyothi et al. [20] have considered the pulsatile ﬂow of a Jeﬀrey ﬂuid in a circular tube lined internally
with porous material. Kothandapani and Srinivas [21] and Pandey et al. [22] have considered the peristaltic motion
of a Jeﬀrey ﬂuid under the eﬀect of magnetic ﬁeld in an asymmetric channel. However, the ﬂow of a Jeﬀrey ﬂuid in
tubes of small diameter has not received any attention. In view of this, recently Santhosh et al. [23] studied a two-ﬂuid
model for the ﬂow of Jeﬀrey ﬂuid through a porous medium in tubes of small diameters.
In the present paper, the eﬀect of magnetic ﬁeld on a two-ﬂuid model for the ﬂow of a Jeﬀrey ﬂuid in tubes of small
diameters, has been investigated. It is assumed that the core region consists of a Jeﬀrey ﬂuid and Newtonian ﬂuid
in peripheral layer. Making the assumptions as in Chaturani and Upadhya [10], the linearised equations of motion
have been solved and analytical solution has been obtained. The expressions for velocity, eﬀective viscosity, core
hematocrit and mean hematocrit have been derived for cell-free layer and the eﬀects of relevant parameters on these
ﬂow variables have been studied.
2. Formulation of The Problem
Let us consider a laminar, steady and axisymmetric ﬂow of an electrically conducting Jeﬀrey ﬂuid through a rigid
circular tube of constant radius a. It is assumed that a uniform magnetic ﬁeld B0 is applied transversely to the ﬂow and
the ﬂow in the tube is represented by a two-ﬂuid model consisting of a core region of radius b, occupied by Jeﬀrey
ﬂuid and peripheral region of thickness ()( = a − b) ﬁlled by Newtonian ﬂuid, as shown in Fig. 1. Let μp and μc be
the viscosities of Newtonian ﬂuid in the peripheral region and Jeﬀrey ﬂuid in the core region respectively. Cylindrical
polar coordinate system (r, θ, z) is chosen in such a way where the z axis is taken along the axis of the tube.
Here q is the velocity of the ﬂuid, j is the current density, B = B0 + B1 is the total magnetic ﬁeld, B1 is the induced
magnetic ﬁeld and j × B is Lorentz’s force which is the body force acting on the ﬂuid, the Maxwell equations and
Ohm’s law ( on neglecting the displacement currents ) are
∇ · B = 0, ∇ × B = μm, ∇ × E = − ∂B∂t , j = σ(E + q × E)
where σ is the electrical conductivity, μm is the magnetic permeability and E is the electric ﬁeld. The imposed and
induced electric ﬁelds are assumed to be negligible.
Hence, the force j × B simpliﬁes to
j × B = −σB20w
The constitutive equations for an incompressible Jeﬀrey ﬂuid (Hayat et al. [18]) are
T = −pI + S
S = μc1+λ1 [γ˙ + λ2γ¨]
(1)
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Fig. 1. Geometry of the problem
where T is the Cauchy stress tensor, S is the extra stress tensor, p is the pressure, I is the identity tensor, λ1 is the
ratio of relaxation to retardation times, λ2 is the retardation time, γ˙ is the shear rate and dots over the quantities indicate
diﬀerentiation with respect to time. The equations governing the steady two-dimensional ﬂow of an incompressible
Jeﬀrey ﬂuid for the present problem are:
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where vr, vz are the velocity components in the r and z directions respectively, p is the pressure, ρ is the density,
S rr, S rz, S zr, S zz are the extra stress components and M (=
√
σ
μ
B0a) is the magnetic parameter.
It is assumed that the ﬂow is in z-direction only and hence the velocity component vr = 0 . Consequently, the
equations governing the ﬂow of ﬂuid (Jeﬀrey ﬂuid) in the core region (0 ≤ r ≤ b) reduce to,
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= 0 (8)
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Let vz(r) = v1(r) be the velocity in the peripheral region and v2(r) in the core region. The equations governing the
ﬂow of ﬂuid are:
Peripheral region (Newtonian ﬂuid):
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where ∂p
∂z is the constant pressure gradient.
The boundary conditions for the problem are given by
v1 = 0 at r = a
v1 = v2, τ1 = τ2 at r = b
v2 is f inite at r = 0
(12)
Condition (12a) is the classical no-slip boundary condition for the velocity, (12b) denotes the continuity of veloci-
ties and stresses at the interface and (12c) is the regularity condition.
Solving equations (10) and (11) under the conditions (12), we get
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Here Mp is the magnetic parameter in the peripheral region and Mc is the magnetic parameter in the core region.
The ﬂow ﬂux in the peripheral region, denoted by Qp, is deﬁned by
Qp = 2πa2
∫ 1
d
v1(η)ηdη (16)
Substituting for v1(η) from (13) in (16), we get
Qp =
a4Pπ
μpM2p
(
1 − d2 + 2dI1(Mpd) − I1(Mp)
MpI0(Mp)
)
(17)
Similarly, the ﬂow ﬂux in the core region is given by
Qc = 2πa2
∫ d
0
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Thus, the ﬂow ﬂux through the tube is given by
Q = Qp + Qc (19)
Using (17) and (18) in (19), we get
Q =
a4Pπ
μpM2p
(
1 + d2 + 2
dI1(Mpd) − I1(Mp)
MpI0(Mp)
− d2 I0(Mpd)
I0(Mp)
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)
(20)
Comparing (20) with ﬂow ﬂux for Poiseuille ﬂow, we get the eﬀective viscosity as
μe f f =
M2pμp
8
(
1 + d2 + 2 dI1(Mpd)−I1(Mp)MpI0(Mp) − d2
I0(Mpd)
I0(Mp)
− 2 dI1(αd)
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) (21)
2.1. Mean Hematocrit for Cell-Free Wall Layer
The percentage volume of red blood cells is called hematocrit and is approximately 40-45% for adult human beings.
The core hematocrit Hc is related to the hematocrit H0 of blood leaving or entering the tube by
H0Q = HcQc (22)
Substituting for Qc and Q from (18) and (20) in (22), we get (after simpliﬁcation),
Hc =
Hc
H0
= 1 +
1 − d2 + 2 dI1(Mpd)−I1(Mp)MpI0(Mp)
2d2 − d2 I0(Mpd)I0(Mp) − 2
dI1(αd)
αI0(αd)
(23)
where Hc is the normalized core hematocrit.
The mean hematocrit within the tube Hm is given by
Hmπa2 = Hcπb2 (24)
Substituting for Hc from equation (23), we get
Hm =
Hm
H0
=
Hc
H0
d2 = d2
⎛⎜⎜⎜⎜⎜⎜⎜⎝1 +
1 − d2 + 2 dI1(Mpd)−I1(Mp)MpI0(Mp)
2d2 − d2 I0(Mpd)I0(Mp) − 2
dI1(αd)
αI0(αd)
⎞⎟⎟⎟⎟⎟⎟⎟⎠ (25)
where Hm is the normalized mean hematocrit.
3. Results and Discussion
The expressions for eﬀective viscosity μe f f , core hematocrit Hc and mean hematocrit Hc are given by (21), (23)
and (25) respectively. The eﬀects of various parameters, namely, Jeﬀrey parameter (λ1), core magnetic parameter
(Mc), tube hematocrit (H0) and tube radius (a) on the above characteristics have been computed using Mathematica
software and the results are graphically presented in Figs. (2 - 13). The value of d (non-dimensional core radius) is
calculated from the relation: d = 1 − a in which  denotes the peripheral layer thickness for a given hematocrit and a
is tube radius varying in the range of 40-200 microns. The values of  are 3.12μ for 40% hematocrit, 3.60μ for 30%
hematocrit and 4.67μ for 20% hematocrit (Haynes [9]).
In Figs 2 - 5, the eﬀects of Jeﬀrey parameter (λ1) and core magnetic parameter (Mc) on eﬀective viscosity (μe f f )
have been shown for several values of tube hematocrit (H0) and tube radius a. It is observed that the eﬀective viscosity
decreases with Jeﬀrey parameter (λ1) and core magnetic parameter (Mc) but increases with tube hematocrit (H0) (Figs.
2 - 5). Further, for given values of Jeﬀrey parameter(λ1), core magnetic parameter(Mc) and tube hematocrit (H0), the
eﬀective viscosity increases with tube radius a, i.e., the ﬂow exhibits Fahraeus-Lindqvist eﬀect (i.e., apparent viscosity
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Fig. 2. Eﬀect of λ1 on μe f f (H0 = 20%, Mp = 1 and Mc =
0.5)
Fig. 3. Eﬀect of Mc on μe f f (H0 = 20%, Mp = 1 and
λ1 = 1)
Fig. 4. Eﬀect of λ1 on μe f f (H0 = 40%, Mp = 1 and Mc =
0.5)
Fig. 5. Eﬀect of Mc on μe f f (H0 = 40%, Mp = 1 and
λ1 = 1)
of blood increases with increasing tube diameter). The values of eﬀective viscosity computed from the present model
are in good agreement, within the acceptable range, with the corresponding values of the eﬀective viscosity obtained
in the theoretical models of Haynes [9], Chaturani and Upadhya [10], Srivastava [8] and Santhosh et al. [23]. But the
increase in eﬀective viscosity with tube radius is not very signiﬁcant for higher values of Jeﬀrey parameter (λ1) and
core magnetic parameter (Mc).
The eﬀects of tube radius (a), Jeﬀrey parameter (λ1), core magnetic parameter (Mc) and tube hematocrit (H0) on
core hematrocit (Hc) and mean hematocrit (Hm) are depicted in Figs. 6-13. It can be seen that the core hematocrit (Hc)
decreases with Jeﬀrey parameter (λ1), core magnetic parameter (Mc), tube hematocrit (H0) and tube radius a (Figs.
6-9). But the decrease in core hematrocit (Hc) with tube radius is not signiﬁcant for values of tube radius a greater
than 160μ. Figs. 10-13 show that the mean hematocrit (Hm) decreases with Jeﬀrey parameter (λ1) and core magnetic
parameter (Mc) but increases with tube hematocrit (H0) and tube radius a. But the increase in mean hematocrit (Hm)
with tube radius is not signiﬁcant for values of tube radius a greater than 160μ.
4. Conclusions
In the present paper, the eﬀect of magnetic ﬁeld on a two-ﬂuid model for the ﬂow of Jeﬀrey ﬂuid in tubes of small
diameters has been investigated. It is assumed that the core region consists of Jeﬀrey ﬂuid and the peripheral region
consists of Newtonian ﬂuid. Following the analysis of Chaturani and Upadhya, the equations of motion have been
linearized and analytical solution for velocity, ﬂow ﬂux, eﬀective viscosity, core hematocrit and mean hematocrit
have been obtained. The expressions for all these ﬂow relevant quantities have been numerically computed by using
Mathematica software. It is observed that the eﬀective viscosity decreases with Jeﬀrey parameter but increases with
tube radius. Further, the core hematocrit decreases with Jeﬀrey parameter and tube radius.
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Fig. 6. Eﬀect of λ1 on Hc(H0 = 20%, Mp = 1 and Mc =
0.5) Fig. 7. Eﬀect of Mc on Hc(H0 = 20%, Mp = 1 and λ1 = 1)
Fig. 8. Eﬀect of λ1 on Hc(H0 = 40%, Mp = 1 and Mc =
0.5) Fig. 9. Eﬀect of Mc on Hc(H0 = 40%, Mp = 1 and λ1 = 1)
Fig. 10. Eﬀect of λ1 on Hm(H0 = 20%, Mp = 1 and
Mc = 0.5)
Fig. 11. Eﬀect of Mc on Hm(H0 = 20%, Mp = 1 and
λ1 = 1)
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